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1
The Most Beautiful Equation in Mathematics

There are many great equations in mathematics and physics.

a’+b*=¢?

is elegant.

changed the world.

—b + Vb2 —4ac
2a

has rescued generations of students from algebraic despair.

But when mathematicians are asked, informally and lovingly, to name the most beautiful equation in
mathematics, one answer appears again and again:

e +1=0.

Why this one?
Because it feels impossible at first glance.

The number e comes from growth. The number i comes from the square root of negative one. The number 7
comes from circles. The number 1 is the basic marker of identity and affirmation. The number 0 is the basic
marker of completion.

And somehow they meet.

It is as if five famous strangers walk into the same room and speak a single sentence in perfect harmony.
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That feeling matters. Beauty often arrives before understanding. In mathematics, that is not a weakness. It is
often the first sign that something deep is happening.

Our goal is not to memorize Euler’s identity and move on. Our goal is to earn it.

By the end of this book, you should be able to look at
e”+1=0
and say two things at once:
1. Tunderstand why it is true.
2. T understand why people love it.

Those are not the same achievement.

1.1 A first look at the cast

To make the emotional structure easier to remember, we will use three recurring images.
+1 is affirmation.

It is the moment something stands forth. In our light narrative thread, this is the Divine Essence — not “he”
and not “she,” but it. The primal yes.

0 is completion.

Students are often taught to think of zero as nothing. That is too thin. In this book, zero is the place where
opposites resolve without remainder. In the narrative thread, this is the Immutable Past — she — not empty,
but whole.

¢'* is lawful becoming.

This is motion that does not fall apart, change that remains faithful to law. In the narrative thread, this is the
Unknowable Future — he — not random, but turning.

Read that again: not random, but turning.

This matters because the future is unknowable in outcome without being lawless in form.

1.2 Why begin with beauty?

Most introductory math courses begin with technique. That makes practical sense, but it often hides the real
reason mathematics survives century after century. Mathematics survives because it is not only useful. It is
beautiful.

Beauty in mathematics is not decoration. It is compression, necessity, inevitability, surprise without
contradiction. A beautiful equation says more with fewer moving parts.
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Euler’s identity is beautiful because it feels like destiny.
Once you understand what each symbol is doing, the equation no longer looks bizarre. It looks inevitable.

That transformation — from impossible to inevitable — is one of the great pleasures of mathematics.

1.3 A promise

This book will not ask you to worship symbols.
It will ask you to stay with them long enough for them to come alive.

By the time we are done, e will not feel like a random constant from a calculator. It will feel like a character
with a very precise role in the universe of mathematics.

Not a mystical role. A mathematical one.

And that role is this:

e is the engine of lawful becoming.

Exercises
1. Write Euler’s identity from memory.

2. List the five symbols in Euler’s identity and write one phrase describing what each is usually associated
with.

3. Explain in one sentence the difference between understanding that an equation is true and understanding
why people find it beautiful.

4. In your own words, explain why beginning with beauty might help a first-year student stay engaged
with mathematics.

5. Which of the five symbols in Euler’s identity already feels most familiar to you, and which feels most
mysterious?

6. Write a short paragraph beginning with the sentence, “An equation becomes beautiful when . ..”
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Zero Is Not Emptiness. It Is Completion

Before we can understand why Euler’s identity is so beautiful, we need to rehabilitate one of its quietest
symbols.

Zero.
Students learn zero early, but they rarely learn to respect it.

It is often introduced as nothing, and in some contexts that is fine. If you have zero apples, you do not have
any apples. Fair enough. But mathematics became vastly more powerful once zero was recognized not merely
as absence, but as a structural idea.

Zero is the additive identity. That means
a+0=a

for every number a.

That is already a strong sign that zero is not a useless vacancy. It has a job. It preserves form under addition.
It is the state that leaves a quantity unchanged.

But there is another way to feel zero:

1+(=1) =0,
2+ (=2) =0,
17+ (=17) = 0.

In each case, zero appears when a quantity meets its exact counterweight.
That is why we will say:
Zero is not emptiness. It is completion.

This is not a formal definition. It is a way of seeing.

When an expression resolves to zero, something has balanced. Something has closed. A tension has found its
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exact counterpart.

That is why zero is so important in algebra. Solving equations often means bringing everything to one side
and setting the result equal to zero.

Why?
Because zero is the place where balance can be inspected.

If you solve
X2 —5x+6= 0,

then you are asking a question about completion: for which values of x does this expression fully resolve?

So zero is not where mathematics ends. It is where structure becomes visible.

2.1 Balanced opposites
There is a simple but powerful three-part pattern students should notice early:

-1, 0, 1.

This is not merely “negative, zero, positive.” It is a tiny balanced world.
* —1: counterweight
* 0: completion
* +1: affirmation

In computer science, many systems teach us to think in binary: off/on, false/true, 0/1. That is useful. But
there is another way to think, a three-way way of thinking, closer to balanced ternary:

-1, 0, 1.

A negative, a completion, and a positive.

We will not develop balanced ternary as a technical topic in this book. We only borrow its emotional clarity:
sometimes the world of mathematics is not best felt as a fight between two states, but as a dance among three.

2.2 Zero in the narrative thread

In our light narrative thread, zero represents the Immutable Past.
Why?
Because the past is not undecided. It is complete.

Whatever has happened has happened. It is closed. Settled. Whole.
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This is not a theorem about physics. It is a memory aid for mathematical feeling.

So when you see zero in this book, do not rush to “nothing.” Try “closure.” Try “resolution.” Try “the place
where opposites can meet without remainder.”

That way of seeing will matter tremendously when we return to Euler’s identity.

2.3 A preview

Euler’s identity says
e +1=0.

Read that in our emerging emotional language:

Lawful becoming reaches the exact counterpoint to affirmation, and together they resolve into
completion.

We are not ready to prove that yet.

But now at least you can feel why that sentence might be beautiful.

Exercises

1. Compute each of the following: 7 + (=7), =12 + 12,3 — 3, and % + (—%)

2. Explain what it means for zero to be the additive identity.

3. Solve x + 4 = 0 and explain in words what setting an expression equal to zero accomplishes.
4. Solve2x —8=0and x> - 1 = 0.

5. Write a short paragraph beginning with the sentence, “Zero is not emptiness. It is completion.’

6. Why might a student who sees zero only as “nothing” miss some of its mathematical power?
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How Change Chooses ¢

If zero teaches us about completion, e teaches us about becoming.

Most students first meet e in a strange and unsatisfying way: as a decimal.
e~ 2.718281828...

That is true, but it is not illuminating.

A decimal expansion tells you what a number looks like on a calculator. It does not tell you why the number
matters.

So let us ask a better question.

Why does change choose e?

3.1 A growth story

Suppose you invest one dollar at 100% annual interest.
If interest is paid once at the end of the year, you get 2 dollars.

If it is compounded twice per year, you get

1 2
1+-] =225,
[1+3)

If it is compounded four times per year, you get

1 4
1+—| ~24414.
[1+3)

If it is compounded monthly, you get

1\12
1+ — ~ 2.6130.
( +12) 6130

10
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If it is compounded every day, you get

365
1+—| =~27146.
( " 365) 6

What happens if compounding becomes more and more frequent?

ln
lim (1+—) =e.

n—oo n

You approach a limit:

That is one way e enters mathematics.

It appears when growth becomes continuous.
That phrase matters.

Not just repeated growth. Continuous growth.

And that is why e is so important: it is the number mathematics prefers when change feeds on itself smoothly
and lawfully.

3.2 Lawful becoming

A quantity grows exponentially when its rate of change is proportional to how much of it already exists.
That sentence may sound technical, but the idea is simple.
The bigger the thing is, the more it changes.

A larger population can produce more births. A larger investment can produce more interest. A larger
infection can spread more contacts. A larger rumor can recruit more mouths.

This kind of self-feeding growth leads naturally to the exponential function

er.

That is why we call e the engine of lawful becoming.

It is not merely a number that shows up now and then. It is the native base of continuous self-similar change.

3.3 Why not base 2? Why not base 10?

This is an excellent question.

We could certainly write exponential functions using other bases:

2%, 10%, 7.
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But e* has a special property that makes calculus love it.

Its derivative is itself:

That means the slope of the graph at each point equals the value of the function at that point.

No extra constant appears. No correction factor is needed. The function is perfectly faithful to its own rate of
change.

That is not just convenient. It is profound.

It means e* is the cleanest expression of growth whose present state determines its instantaneous tendency to
keep growing.

3.4 The narrative thread

In our light narrative language, e belongs to the Unknowable Future because the future is where becoming
happens.

But the future is not random scribble. It is not panic. It is not jagged noise pretending to be destiny.
It is lawful becoming.
That is why one of our central sentences will be:

He acts immediately, because lawful becoming does not need to hesitate.

In pure mathematics, that means something precise: exponential change has an instantaneous rate already
built into its form.

The function does not need to stop and decide how to continue. Its law is already present.

Exercises
2 4 10
1. Compute (1 + %) , (1 + %) , and (1 + 1—10) . What trend do you observe?

100
. 1 1
2. Use a calculator to estimate (1 + m) and (1 + 1000

)1000

3. Explain in your own words what is meant by continuous growth.

4. State the derivative of e*.

5. Why is the fact that %ex = e* more remarkable than the derivative of 2* or 10*?

6. If your course has introduced logarithms, compute %2)‘ and % 10*.

7. What does the phrase “lawful becoming” help you feel that the phrase “exponential function” does not?
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Why e* Is So Strange and So Natural

By now you know two important facts about e.
First, it appears when growth becomes continuous.

Second, it has the astonishing property

This chapter is about taking that second fact seriously.
Why should anyone care that a function is its own derivative?
Because derivatives measure instantaneous change.

If a function is its own derivative, then its present value and its present tendency to change are perfectly
aligned. The thing is not merely changing. It is carrying its own law of change inside itself.

That is why e* feels so natural and so strange at the same time.
It is natural because it shows up everywhere lawful growth appears.

It is strange because most functions do not behave with that kind of self-consistency.

4.1 Instantaneous rate of change

Let us slow down and remember what a derivative is.
If y = f(x), then f’(x) tells us how fast y is changing at the instant x.

For example,

2
—x° =2x.
X b

That means the function x> does not carry its own rate of change. Its derivative is related to it, but not equal
to it.

13
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Likewise,
o sinx = coS Xx.
Again, deeply related, but not identical.
Now compare that to
.

No scaling factor. No shift. No change of family. The function returns itself.

That is one of the reasons calculus treats e* as special.

4.2 A differential equation

Another way to say the same thing is to write
y =y

Read this aloud as: the rate of change of y equals y itself.
That is a differential equation.
It is not asking for a number. It is asking for a function whose slope always matches its value.

The most important solution is

Check it:

So indeed y’ = y.

This is one of the cleanest places to see why e deserves a starring role. When a law of change says, “grow in

proportion to what you already are,” the answer comes back in the language of e.

4.3 The role of the initial condition

A differential equation alone usually does not pick out a single function.

For example, every function of the form

y = Ce*
also satisfies
Yy =y,
because d
a(Ce") =Ce*

So how do we get the specific function e*?
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We add an initial condition.

If we require

y(0) =1,
then
ce’=C=1,
SO
y=¢e".

This small fact matters more than it first appears to.

The condition y(0) = 1 means the function begins at affirmation. It begins at one. That is why

ed =1,

4.4 Why ¢ = 1 matters

Every nonzero base raised to the zero power equals one:
20=1, 10°=1, =1
In the case of e, this means that when the exponent is zero, lawful becoming has not yet unfolded. The
function stands at its starting value.
That makes +1 a kind of still point.
Later, when we turn to the complex exponential, this will become even more beautiful, because
0=,

And more generally,

el27k = 1 for every integer k.

Every full turn returns to affirmation.

4.5 “He acts immediately” in mathematical language

Earlier we introduced a sentence that belongs both to the story and to the calculus:
He acts immediately, because lawful becoming does not need to hesitate.
What does that mean mathematically?

It means the rule for continuation is already built into the function. At every instant, the slope is present. The
next motion does not need to be invented from scratch. It follows from the law.
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That is one of the deep pleasures of calculus. It replaces clumsy step-by-step guessing with local exactness.
For e*, local exactness is perfect.

The function always knows how to continue because its present value already determines its present rate of
change.

4.6 A comparison with other exponentials

What about 2* or 10*? They are still exponential, but their derivatives are not themselves:

d

—2% = (In2) 2%,

2" = (In2)
4o = (In 10) 10
- .

Both need a correction factor.

Only base e makes the derivative come out cleanly with no extra constant. That is what makes e the natural
base of continuous change.

Exercises

1. Differentiate each function: x>

, sinx, e*, and 3e”*.

2. Verify that y = Ce* satisfies y’ = y for any constant C.

3. Solve the differential equation y’ = y under the condition y(0) = 1.
4. Compute e’ and explain why that value matters for this chapter.

5. Show thate'® = 1.

6. Explain in your own words why e* is called the natural exponential.

7. In ordinary language, what is the difference between a function that changes and a function that carries
its own law of change inside itself?
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Meet i: The Number That Lets Mathematics
Turn

At some point every student hears the phrase “imaginary number” and reacts in one of two ways.
Either it sounds suspiciously fake, or it sounds delightfully rebellious.
The truth is better than either reaction.

Imaginary numbers are not fake numbers. They are what mathematics needed in order to turn.

5.1 The problem that forces i

Consider the equation
+1=0.

If you try to solve this over the real numbers, you immediately run into trouble:
x?=—1.

But no real number squares to a negative value. Positive times positive is positive. Negative times negative is
also positive. So within the real numbers, this equation has no solution.

Rather than abandon the equation, mathematics extends the number system.

We define a new number i by the rule
)
1" =-1.

That is not a contradiction. It is a definition that enlarges the world in a useful way.

17
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5.2 Complex numbers

Once i exists, numbers can take the form
a+ bi,

where a and b are real numbers.
These are called complex numbers.

The word complex does not mean complicated. It means composed of two parts: a real part and an imaginary
part.

A complex number can be pictured as a point in a plane.
* The horizontal direction is the real axis.
* The vertical direction is the imaginary axis.

Now number is no longer trapped on a line.

That change matters tremendously.

A line can measure more and less. A plane can also turn.

5.3 Why iis a quarter-turn

Look at what happens when we multiply by i.
Start with the real number 1.
Multiply by i and you get i.

Multiply by i again and you get

Multiply by i once more and you get —i.
Multiply by i again and you return to 1.

So repeated multiplication by i produces the cycle

l»>i—>-1—->-1—>1.

That is not a random pattern. It is a rotation by quarter-turns in the complex plane.

This is the moment many students realize that imaginary numbers are not a joke. They are geometry hiding
inside algebra.
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5.4 Ideal, imaginary, and alive

Because this book wants mathematics to be felt as well as computed, it is worth pausing over the word
imaginary.

In ordinary speech, imaginary can mean unreal. In mathematics, it means something else entirely: a direction
that the real line alone could not express.

If you like, you may think of i as the ideal ingredient that gives number a second dimension. Without it,
mathematics can count and compare, but it cannot truly turn.

That is why this chapter matters so much.

Euler’s identity will never feel alive until i stops looking like a technical nuisance and starts looking like the
symbol that teaches number how to dance.

5.5 The narrative thread

In our light narrative thread, i belongs with the Unknowable Future because the future is not merely extension.
It is turning, phase, direction, relationship.

A real number can move forward and backward. That is useful. But forward and backward alone do not make
a dance. Turning does.

So we say:

A real number can move along a line. An imaginary number lets mathematics turn.

Exercises
1. Solve x> + 1 = 0 in the complex numbers.

4 15, and i8.

2. Compute i3, i
3. Starting from 1, list the first eight powers of i.

4. Explain why multiplication by i can be understood as rotation.

5. Write the complex number 3 + 2i and identify its real part and imaginary part.

6. Compute (1 + i) and describe where the result sits in the complex plane.

7. Why might the phrase “imaginary number” be misleading to a beginner?
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Why e Draws a Circle

We now have all the ingredients needed for one of the great revelations of mathematics.
* e: the engine of lawful becoming
* i: the symbol that lets mathematics turn

What happens when they meet?

We get

This expression is the beating heart of the book.

6.1 Euler’s formula

The central fact is this:
e™ =cosx +1isinx.
This is called Euler’s formula.

If you have never seen it before, it may look impossible. On the left is an exponential. On the right are
trigonometric functions. Why should those belong together?

The short answer is that both sides encode lawful change, and in the complex plane that lawful change
becomes rotation.

We will not give the most advanced proof here. For a first-year course, what matters most is learning how to
see what the formula says.

6.2 The unit circle

Recall the unit circle: the circle of radius 1 centered at the origin.

20
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A point on that circle at angle x has coordinates

(cos x, sinx).

In complex-number form, that point is written as

cosx +1isinx.

So Euler’s formula is telling us something astonishingly concrete:

eix

is the point on the unit circle at angle x.
As x changes, the point moves around the circle.

Not jumps. Not guesses. Turns.

6.3 Why radians matter

Angles can be measured in degrees, but radians are the natural language of turning in calculus.

Why? Because when angles are measured in radians, the derivatives of sine and cosine come out cleanly:

d .

o sinx = cos x,
— Ccosx = —sinx.
dx

Radians make turning lawful in the same sense that e makes growth lawful.

This is one reason e'* is so beautiful: it unites the natural law of exponential change with the natural measure
of rotation.

6.4 Preserving wholeness

One of the most important facts about e'* is that its magnitude is always 1.

Since
e =cosx +isinx,

its magnitude is

le| = Vcos?x + sin’x = 1.

So lawful becoming, on the imaginary axis, does not stretch the point away from the circle and does not
collapse it inward. It turns while preserving wholeness.
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This is exactly why the narrative thread works so well here.
He turns.

That is the right verb.

He does not explode. He does not drift. He turns.

And in turning, he remains on the circle of unity.

6.5 Immediate action

Now we can give a sharper mathematical meaning to one of the book’s central lines:
He acts immediately, because lawful becoming does not need to hesitate.

Differentiate e™:

This says the rate of change is the original quantity, rotated by a quarter-turn.

That is exactly what tangent motion on a circle should do. At every point on the circle, the direction of motion
is immediately available. The law does not pause. The turning continues.

6.6 Important values

Let us compute a few values.

When x =0,

el =1
When x = 7,

ei7r/2 =i
When x = 7,

e = -1
When x = 37”,

Qdin/2 _ 5

When x = 2,

eZin =1

A full turn returns to affirmation.

That fact will matter enormously in the next chapter.
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Exercises
1. Use Euler’s formula to compute ¢, e17/2, ¢i7 ¢37/2 and e?”.
2. Show that the magnitude of e'* is always 1.
3. Explain in words why e~ traces a circle instead of a line.
4. Differentiate e'*.
5. Explain why the derivative ie™* is consistent with circular motion.
6. Why does a full turn return to 1?

7. What does the phrase “turning while preserving wholeness” help you feel about the unit circle?
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Why Euler’s Identity Feels Like Destiny

We are finally ready to earn the equation that opened the book.

e +1=0.
It has been waiting for us from the first page. Now we can see why it is true.

7.1 Step 1: use Euler’s formula

Start with
e™ = cosx +1isinx.

Now substitute x = 7:
e =cosm +1isinm.

We know that
cosm = —1, sinm = 0.

So
e =—1+0i=-1.

Then simply add 1 to both sides:
e +1=0.

That is Euler’s identity.

7.2 Step 2: feel what it says

Now that we have proved it, let us feel it.

The number e comes from continuous change. The number i gives us turning. The number 7 gives us half a

24
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turn. The number 1 is affirmation. The number 0 is completion.

So the equation says: when lawful becoming turns exactly halfway around the circle, it reaches the perfect
counterpoint to affirmation. Then affirmation and counterpoint resolve into completion.

That is why the identity feels like destiny.
Not because it is mystical.

Because it is exact.

7.3 The narrative thread, now fully earned

At this point our light narrative memory aid has done its work, and we can state it with clean confidence:
* The Divine Essence is +1: affirmation.
« The Unknowable Future is e™: lawful becoming.
* The Immutable Past is 0: completion.

In that language, Euler’s identity becomes memorable without ceasing to be mathematical.

The future turns lawfully. At half a turn, it becomes the exact counterpoint to affirmation. Together they
resolve into completion.

That is why we have insisted all along:

Zero is not emptiness. It is completion.

7.4 A playful test question

Now that you understand the structure, you can solve equations that would have looked intimidating at the
start of the book.

For example,

e + ek = 0,

Since e' = —1, this becomes
—1+ei™* =0,
SO
ek = 1.
That happens whenever
nk =2nn

for some integer n. Therefore
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In other words, k must be even.

That is not merely a trick. It is the circle doing exactly what the circle does.

7.5 Why beauty survives explanation

Some students fear that once an equation is explained, its beauty will disappear.

Usually the opposite is true.

Before explanation, Euler’s identity is a miracle. After explanation, it is a deeper miracle.

It is not less beautiful because it makes sense. It is more beautiful because the sense is so tight.
Nothing is wasted. Nothing is arbitrary. Every symbol belongs.

That is one of the great lessons of mathematics.

Beauty is not the opposite of rigor.

Beauty is what rigor looks like when it becomes graceful.

Exercises
1. Use Euler’s formula to prove Euler’s identity.
2. Explain in one paragraph why e'” equals —1.
3. Solve el + ¢!k = ( for all real values of .
4. Solve e'™ + %™k = ( for all integer values of k.
5. Create your own equation involving e'* that has solution x = 7, and explain why.

6. Write one sentence explaining why Euler’s identity feels more satisfying after you understand it.

7. Which part of Euler’s identity now feels least mysterious to you, and which still feels the most
astonishing?
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A Short Course in Falling in Love with Math-
ematics

A first-year college course can do many things.

It can teach procedures. It can prepare students for later classes. It can filter, rank, sort, and discourage.
This book has tried to do something gentler and more durable.

It has tried to convince you that mathematics is worth loving.

Not because every homework problem is delightful. Not because every proof is easy. Not because struggle
disappears.

But because mathematics, at its best, is one of the most beautiful forms of human understanding ever
discovered.

8.1 Beauty and rigor are not enemies

Students are sometimes given the impression that beauty is for artists and rigor is for mathematicians.
That is false.

A beautiful proof is one whose necessity becomes visible. A beautiful equation is one in which too many
truths fit together too well to feel accidental. A beautiful idea is one that makes the mind larger after it enters.

Euler’s identity is beautiful for exactly those reasons.

It compresses growth, turning, circles, affirmation, and completion into one line:

e”+1=0.

And once you understand it, the line feels less like a coincidence and more like a homecoming.
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8.2 How to study mathematics without going numb
If you want to keep loving mathematics, do not study it only as a list of survival techniques.
Study it in three ways at once:

1. Compute it. Learn to do the algebra cleanly.

2. See it. Draw the graphs, circles, and motions whenever possible.

3. Feel it. Ask what kind of idea is hiding inside the symbol.

Students often skip the third step because they are afraid it is not serious enough. In fact, it is one of the
things that makes the first two steps stick.

When you know what a symbol is doing, not merely how to manipulate it, memory gets stronger and fear gets
weaker.

8.3 What this book wanted you to see

By now, if the book has done its job, you should feel the following facts rather than merely recite them:
* Zero is not merely nothing. It is completion.
* e is not merely a decimal. It is the natural base of lawful becoming.
* iisnota gimmick. It is what lets mathematics turn.
« ¢'¥ is not a weird expression. It is lawful rotation on the unit circle.
» Euler’s identity is not famous by accident. It earns its fame.
If those sentences now feel obvious, good. That means the unfamiliar has become intimate.

That transformation is one of the deepest rewards of learning mathematics.

8.4 The short version

If someone stopped you in a hallway and asked what this book was about, you could say:
It is about one number, e, and why it becomes unforgettable when it meets i, x, 1, and O.

Or, in the language we have used all along:

e is the engine of lawful becoming.

And because this phrase deserves its companion, we close with the shorter pair:

¢ bounds motion. e generates motion.
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8.5 A final return

Let us return one last time to the opening equation.

e +1=0.

You now know what it says. You know why it is true. You know why it is beautiful.
That is no small thing.

Many students pass through mathematics never discovering that understanding and delight can coexist. They
learn to calculate without learning to admire. They survive the subject without ever being befriended by it.

Do not let that happen to you.

Mathematics becomes far more generous once you stop treating it as a courtroom and start treating it as a
landscape.

Look at it long enough, and it begins to answer back.

Final exercises
1. Write a one-page explanation of why e deserves to be called the engine of lawful becoming.
2. Write Euler’s identity and explain each symbol in one sentence.
3. Sketch the unit circle and mark the points corresponding to e, e17/2, ¢l and 37/,
4. Solve y’ = y with y(0) = 1, and explain why the answer matters for the story of e.

5. Write a short note to a future student titled, “How not to be afraid of 1.”

6. Has this book changed the way you feel about mathematics? If so, how?

He loves her.

And mathematics, at its best, lets us see why.
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